The Problem
In section 2.4 of his rather massive doctoral dissertation at MIT 1,2 concerned with soil properties and one-dimensional wave amplification in soil deposits, R. Dobry considered the amplification of shear waves in a soil stratum of finite thickness h on rigid rock, where the mass density  of the stratum is uniform but the shear wave velocity is zero at the ground surface and increases steadily with depth in the following form:
where , A p are constants, h V is the shear wave velocity at the base of the stratum of depth h , and z is the depth measured down from the free surface. Although Dobry suggested that typical values for p lie in the range 0.33 1 p   for most normally consolidated soils at small strains, his formulation was quite general and included other values of p . The special case 1 p  , in which the shear modulus increases linearly with depth, is often referred to as a Gibson soil.
After solving in closed form the differential equation with a boundary condition of zero strain at the surface, Dobry concluded -correctly-that the fundamental period of the inhomogeneous stratum is proportional to the depth raised to some power, namely (p. 98)
From here, he made the following inferences about the fundamental period of the stratum 1 T namely that it  increases as h increases for 2 p   is independent of h for 2 p   decreases as h increases for 2 p  He then went on to state that It is usually accepted that, in the analysis of soil deposits, [addition of] deeper and stiffer layers will always tend to increase the natural period. However, these results show that a very rapid increase of velocity with depth may decrease the period, as more layers are considered! Both this paragraph as well as the last two bullet items above did not seem likely to the writer, and this motivated the contact and exchange with Dobry (1990's) . Indeed, there are fundamental lemmas in dynamics which indicate that any addition of layers must necessarily increase the period, whatever the soil properties. A simple way to visualize this principle is to consider the same stratum augmented with an arbitrarily thick layer of infinite stiffness, which of course at first changes nothing, except for adding a set of infinite frequencies associated with the rigid layer. However, as the stiffness of that additional layer is steadily softened to its final values, then some or all frequencies must necessarily drop, including those that were infinitely large, and certainly no frequency can increase 2 .
In a nutshell, the problem with the formula was ultimately traced to the boundary conditions at the surface, which on close inspection ceased to be valid when 2 p  . Still, the mathematical details of this rather subtle condition are now irrelevant, for they currently lack in either significance or interest. Instead, the purpose of this note is to report on the paradoxical contradiction that arose after Dobrywho was worried enough by the writer's objections to seek an independent verification-came up with an elegant alternative derivation of the natural frequencies of the soil deposit based on dimensional analysis. This new proof was not only interesting in its own right, but at first seemed to corroborate the earlier observations in Dobry's dissertation as well as contradict the fundamental lemmas referred to above. Thus, although we demonstrated the falsehood of the boundary conditions when 2 p  , this was contradicted by Dobry's dimensional proof which made no use of such false boundary conditions in the first place, and so that new proof was a-priori known to be correct. This gave rise to the intriguing paradox reported herein as well its final resolution by the writer.
Dobry's dimensional analysis formula
To counteract our initial objections, Dobry (1990's) provided handwritten notes to the writer containing the following gem of a proof, based on dimensional analysis rooted in Buckingham's PI Theorem 4, 5 . The problem at hand involves the following dimensional parameters in which the symbols , , L M T denote length, mass, and time, respectively:
There are six parameters in this , ,    involved. The first two of these products are simply
both of which are eo ipso dimensionless. Hence, only one dimensional product remains, which is
Replacing these into the definition of 3  , we obtain 1 2 , , , , 0
is also a constant independent of h that in principle depends on both p and  . In reality, because only shear wave propagation is involved, it can be shown that cannot be done by using dimensional analysis alone, so eq. 3 is the final result of the dimensional analysis for this problem. Observe that this result not only corroborates eq. 2, but that it is not subjected to any errors in boundary conditions for any value of p , for no such conditions were used in the derivation of eq. 3 in the first place! However, eq. 3 too contradicts the fundamental dynamic principles alluded to earlier, in which case it cannot possibly be true, or at least not always. If so, then where is the hidden error in the dimensional analysis?
As it turns out, there is nothing wrong with this application of Buckingham's Theorem, and in fact, eq. 3 correctly predicts that the form of the solution if it exists, but without guaranteeing that such a solution actually exists. In fact, an examination of formula 3 in the context of the fundamental mechanical principle already alluded to indicates that when 2 p  , the results are absurd, and therefore, that no solution can exist in that case.
The inescapable conclusion is that a layer of thickness h and 2 p  cannot possibly have a period 1 T , and therefore, that such a problem must be mathematically (and physically) ill-posed. Just as importantly, observe that this fact has been established a priori without ever solving a differential equation! And why is it that for 
Conclusion
To the best of the writer's knowledge, Dobry's novel strategy of using Buckingham's PI Theorem to infer the fundamental period of an inhomogeneous soil stratum is new and has not been reported before within the soil dynamics community. An additional important lesson to be learned in Soil Dynamics -a lesson which is well known in other areas of science and engineering-is that dimensional analysis can be of invaluable help in establishing the form of some physical phenomena, but it cannot guarantee that such formulas will be physically meaningful. For that purpose, other methods and principles must be invoked, and when taken together, they may provide useful answers without having to solve a complicated differential equation.
